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The apex region of a capped (5,5) carbon nanotube (CNT) has been modelled with the DFT package ONETEP,
using boundary conditions provided by a classical calculation with a conducting surface in place of the CNT.
Results from the DFT solution include the spatial distribution of charge density, the changes to the highest
occupied molecular orbital (HOMO) induced by an external field and a comparison of calculations of total
potential energy E with and without exchange-correlation energy EXC. The contribution to the work function
from exchange and correlation effects is found to be nearly as much again as that from a purely electrostatic
calculation.

1. Introduction

2. Method

The analysis of field emission from suitable structures continues to
be developed [1,2]. While the measurement and prediction of the
emission pattern at a screen [3–6] has obvious practical importance, the
analysis of the emission process remains of interest. This paper is a brief
survey of a recent application of linear-scaling density functional theory
(DFT) to a capped (5,5) carbon nanotube (CNT) in an applied electric
field. The basis set used is varied adaptively, providing linear scaling
with the number of atoms modelled. The cap of the CNT is analysed as a
non-periodic structure and its properties, such as the distribution of
orbitals, differ from those for an infinite CNT. These calculations provide information relevant to field emission even though we use fields
below the emission threshold.
In this paper we recall some previous results [7] for spatial distribution of the charge density and the HOMO, and add some new
calculations on the influence of exchange and correlation (XC) on the
work function. The potential energy calculated including XC is denoted
here by E, and that calculated without XC is called the ‘electrostatic
potential’ and denoted by (E – EXC). The position at which the z axis
intersects the Fermi equipotential of E, at zero external field, will be
denoted by zF. The following remarks apply to the modelled CNT
system, but may not necessarily apply to other configurations of field
emitters.

The calculation method used for all the results presented here is an
application of the ensemble-DFT method for metallic systems [8] of the
linear-scaling DFT program ONETEP [9] with boundary conditions that
are provided by classical calculations using a finite-element solver. Our
method, described more fully in [7], uses a new approach to the multiscale problem of simulating field emission systems accurately. First, a
classical calculation for a perfectly-conducting capped cylinder 50 nm
long (between cathode and anode planes 100 nm apart) provides the
distributions of potential and charge that are induced by an external
field. From these, the potential on the surface of a cubical box of side
5 nm, containing the apex region of the CNT, and the charge within it,
are extracted and used as boundary conditions for the DFT calculation.
Within the box, the tip region is represented by a section of a (5,5) CNT,
1.8 nm long, with a closed hemispherical cap at one end and hydrogen
termination at the other end. Then this model defines the structure of
atomic cores, with which ONETEP calculates the electron density and
other quantities throughout the box. Since the system being analysed is
non-periodic, this is a calculation of a cluster rather than a supercell.
In an advance on the code used in Ref. [7], recent modifications to
ONETEP now permit the total number of excess electrons in the DFT
box to be non-integral. This means that we are no longer constrained to
studying external fields that induce precisely an integral additional
charge in the DFT subsystem. The result is a flexible multi-scale model
in which we can perform calculations for any external field strength
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Fig. 1. Electron density isosurfaces for zero
applied field. The isosurfaces are at (a) 0.02%,
(b) 0.25%, (c) 1.00% of the global maximum
charge density of 717 e/Å3. In (a) and (b),
isosurfaces are in purple with the atomic frame
of the CNT added. The views on the left are
from the cap end. Plot (d) shows the relation of
charge density and electrostatic potential on
the CNT axis. The centre of the hemispherical
cap is at z = −0.4 nm. For interpretation of
the references to colour in this figure, the
reader is referred to the web version of this
article. Figure 1 (a)-(c) reprinted from reference [7] with permission from Elsevier.

The s, px and py orbitals merge to form planar sp2-like orbitals, which
then form covalent σ/σ* bonds with adjacent carbon atoms. The remaining out-of-plane pz orbitals form delocalised π/π* bonds which
exist above and below the atomic frame with energy close to the Fermi
energy, providing conduction over the whole of the graphene sheet.
Inspection of the orbitals in Fig. 2(b)–(d) shows that their axial
wavelengths are similar but do not correspond to the width of either
one or two hexagons in the CNT structure. It appears, as suggested by
Fig. 1(a), that electrons in the HOMO are sufficiently delocalized to
form the orbitals of Fig. 2 without being influenced by the hexagonal
structure of the atoms.
Application of an external field changes not only the HOMO but also
the mean level of the whole pattern of the local density of states, relative to the Fermi level. We expect to investigate further this topic and
the spacing of energy levels.

below the threshold for field emission. Although our method is limited
to equilibrium states and applied fields below the emission threshold,
our calculations give many details, for example, about the role of exchange and correlation energy (EXC) in producing the work function
and about the changes in HOMO and barrier profile with different applied fields. External fields of 0.026 V/nm, 0.054 V/nm, 0.081 V/nm,
0.108 V/nm and 0.162 V/nm were used.
3. Results
3.1. Electron charge density
Fig. 1 shows the electron density distribution for zero applied field
found by DFT simulations. Here we plot the isosurfaces of (a) 0.02%,
(b) 0.25% and (c) 1% of the global maximum charge density of 717 e/
Å3. As seen in Fig. 1(c), most of the electron density is localised near the
carbon cores, representing the bound electrons which do not contribute
to the CNT's conductivity. Fig. 1(a) on the other hand displays a continuous sheath of relatively low density at about 0.175 nm from the
cores, providing a conducting path for charge to move along and
around the CNT surface and so giving the CNT its conductive character.
Any external electric field induces additional charge on this outer
sheath. This screens the cores so that they are not much affected by the
external field, as shown by the plots of potential in the core regions of
Fig. 3(b). On the cylindrical part of the CNT, the converged radius of
the cylinder of atoms is 0.315 nm, and the radius of the Fermi equipotential is 0.49 nm.
Fig. 1(d) shows how the electron density is related to the potential
energy along the CNT's axis. The electron density can be seen to fall off
to near-zero at the Fermi equipotential, labelled zF and indicated by the
black dashed line. The plot shows that, as mentioned above, only a
small percentage of electrons actually contributes to the conductivity of
the CNT, while most of the electron density is localised around the cores
where the potential energy is lowest.

3.3. Potential with applied field
Fig. 3(a) shows a 2D and 3D representation of a longitudinal section
through the DFT box, with equipotentials resulting from an applied
anode-cathode voltage of 16 V and with the equilibrium structure of the
carbon cores superimposed. Here the brown and blue colours indicate
potentials respectively higher and lower than the Fermi energy. As
expected, the potential energy is lowest at the atom cores where most of
the electrons are located. The red dashed lines in both the 2D and 3D
image represent the crossing of the potential energy through the Fermi
equipotential, thus defining the region between the lines as the effective
tunnel barrier. This barrier is generated by the detailed DFT solution, in
contrast to the classical solution which suggests that the potential energy of the system is not anywhere higher than that of the cathode. In
the barrier region, the potential contours show that the barrier height is
greater transverse to the axis than along it, so any possible emission will
happen in the apex region first.
The 1D plot in Fig. 3(b) shows the total potential energy E relative
to the Fermi level, along the axis, for six values of background field:
zero, 0.026, 0.054, 0.081, 0.108, and 0.162 V/nm. As for Fig. 1(d), the
centre of the hemispherical cap is at z = − 0.4 nm. The plane of the
ring of carbon atoms forming the end of the cap is at z ≈ − 0.10 nm.
On increasing the field, the potential outside the maximum barrier
height decreases as expected, with a curvature that is due to the curvature of the end cap. Fig. 3(b) suggests that with a further increase in
applied field, the maximum potential could be brought below the Fermi
level. The resulting full emission from one or more orbitals should then
leave the system, when the DFT calculation in its present form could not
be expected to converge. In the intermediate range of field, tunnelling is
expected to start at some threshold field. The calculation in its present
form does not give information about the threshold. Certainly the
barrier shown in Fig. 3(b) for the highest applied field is sufficiently
thin (∼ 0.5 nm) that one would expect tunnelling to occur, but in this
case convergence was obtained.
Extrapolation to the vacuum level Evac shows that if (E − EF) is
assumed to vary linearly with field −F according to a relation of the

3.2. HOMO
In Fig. 2 we present isosurfaces for the HOMO as it changes with
four external fields. In zero field (Fig. 2(a)), the HOMO resembles an
extended π-state that covers the entire surface of the CNT, including the
cap region. It contains a component that is independent of azimuthal
angle and is non-zero on the axis. On applying an external field
(Fig. 2(b)–(d)), the azimuth-independent component disappears and we
add electrons successively with alternate spins into the DFT box, with
resulting changes to the identity, energy level and distribution of the
HOMO. This suggests that the spatial distribution of emitted current can
also be expected to vary with applied field.
The structure analysed here is not periodic on the scale of its total
length. On the scale of the interatomic bonds, it has periodicity similar
to that of a (5,5) CNT of infinite length. This in turn has periodicity and
bond properties related to those of graphene, whose behaviour can be
described in terms of the hybridisation of the different orbitals [10].
2
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Fig. 2. HOMO isosurface for the (5,5) CNT at amplitude of ± 0.0004 (e/Å3)1/2, (a) in zero field; (b) in 0.054 V/nm; (c) 0.108 V/nm; (d) in 0.162 V/nm. Reprinted
from reference [7] with permission from Elsevier.

form

EXC with the terms that can be calculated from electrostatic interactions. The exchange-correlation functional consists of an exchange part,
which partially corrects for self-interaction of one electron with itself
and also contains the effects of the Pauli exclusion principle, and a
correlation part which corrects further for many-electron effects.
The CNT as defined in Sec. 2 was analysed earlier [7] by a full
calculation of E including XC. These calculations were performed using
the local density (LD) approximation with the functional PW92 [12].
The same system has been calculated again by ONETEP, but omitting
the contribution from XC. The terms remaining in the energy functional
then include the energy due to external field together with the electrostatic energy, which consists of the kinetic energy, the Coulomb term
(due to valence electrons) and the core term (due to the nuclei and the
inner electrons). Comparison of calculations made with and without XC
effects, as in Fig. 4, then reveals the effects of XC that are not available
from classical calculations. This procedure differs from that used in [7],
where results were compared with and without the numerical value of
EXC, obtained from a single calculation including XC. We believe the
present procedure shows better the influence of XC in the calculation.
The work function is the difference in energy between the vacuum
potential and the Fermi level in the CNT. The vacuum potential is the
(uniform) potential at a distance of many interatomic spacings from all
the cores, in zero field. Fig. 4 shows clearly the difference between
values of work function for this CNT, calculated with and without XC.
On the axis at z > ∼ 1.5 nm, the work function found without XC results from the dipole effect of negative charge outside the framework of

E − EF = Evac − EF − e F (z − z1)
(where e is the magnitude of electronic charge) then z1 is not only more
negative than zF and the first ring of carbon atoms at the apex, but is
further negative even than the centre of curvature of the CNT cap. Thus
if z1 is postulated to be at the plane of the emitter surface (as is often
assumed classically), or even at the plane containing the first atomic
cores, this seems likely to overestimate greatly the barrier width and
the attenuation through it.
As described earlier [7], an increase in the external field introduces
additional charge into the DFT box and lowers the potential outside zF.
At the same time, the location of the intersection of the Fermi equipotential with the z-axis moves slightly, from z = 0.056 nm in zero field
to 0.13 nm in the background field of 0.162 V/nm. This gain shows that
the additional charge is added to the continuous sheet of charge seen in
Fig. 1(a).
With the external field of 0.162 V/nm, the maximum accelerating
field in the barrier region is about 2.9 V/nm. This field is about 0.23 of
that obtained using the classical enhancement factor [11].
3.4. Work function
Calculation by ONETEP usually includes the effects of electron exchange and correlation (XC), also known as many-electron effects.
These correct the calculation of total energy E by including an energy

Fig. 3. (a) 2D and 3D representation of a section containing the CNT axis, showing the potential energy (E - EF) for a background field of 0.162 V/nm and with 3
excess electrons. The red outline is the crossing through the Fermi energy. Equipotentials above and below EF are at intervals of 0.2 eV and 1 eV respectively. The
coloured line starting from (z = − 0.5 nm, r = 0) indicates the z-axis. The dots indicate the positions of carbon cores; (b) Potential energy at 100 K, along the z-axis,
for six values of applied field: zero field, 0.026 V/nm, 0.054 V/nm, 0.081 V/nm, 0.108 V/nm and 0.162 V/nm. The legend shows the number of added electrons for
the different external fields. The z-scale in both plots is as in Fig. 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article).
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Figs. 1(d), 3 and 4 were plotted using Mathematica [18].
Figs. 1(a–c) and 2 were plotted using XcrySDen [19].
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Fig. 4. Potential energy at 100 K along the CNT axis from (z = − 0.5 nm) for
zero applied field. The plot shows the difference in behaviour between the total
energy E including EXC, and the ‘electrostatic’ component (E – EXC).

atomic cores and is about 2.49 eV. This estimate is much less than the
measured work function. When XC is included in the calculation of E,
the work function rises to about 4.45 eV. Other calculations by different
DFT methods have yielded work functions (in eV) for an infinite (5, 5)
CNT of 4.53 [13], 4.63 [14] and 4.685 [15], and for a hemisphericallycapped (5, 5) CNT of 4.78 eV [16].
Fig. 4 also suggests that where the cores are nearest to the axis (at z
∼ − 0.1 nm), both E and (E − EXC) drop below the Fermi level by
many eV. This is understandable when the LD approximation is used for
the XC functional, since the XC contribution is then defined as a function of electron density which is greatest around the atomic cores.
However, in our calculation the potential in the core region is approximated by a pseudopotential and so the potential shown in that
region should not be assumed to be an accurate representation of the
potential there. Corresponding investigations on graphene edges, terminated with a variety of other atoms, showed results varying with the
termination [17]. Our work continues to determine the behaviour with
other geometries of emitters.
4. Conclusion
DFT calculations for a single-walled, capped, (5,5) CNT have been
made with and without contributions from exchange and correlation
effects (XC). The work function appears as the part of the total change
of E (between ion sites and vacuum) that is above the Fermi level. The
contribution of XC to the work function is found to be of similar magnitude to that from the dipole effect of the cores and outer electron
layer around the cap. The size of total work function obtained is realistic only when EXC is included. Variation of the applied field varies the
charge induced on the CNT and so also changes the height of the potential barrier above the Fermi level.
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