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State-of-the-art spectroscopic techniques allow for a comprehensive understanding of one-electron excitations in
various physically interesting and/or technologically relevant materials. While for weakly-correlated systems the
corresponding one-particle spectral function A(ω, k) contains essentially all information about their physical
properties the situation is much more complicated in the presence of strong electronic correlations. In fact, in the
latter case diﬀerent theoretical treatments often lead to very diﬀerent explanations of the origin of speciﬁc
features in the spectrum. A typical example is the pseudogap in the cuprates, i.e., the momentum-selective
suppression of spectral weight at the Fermi level, which has been related to spin, charge or (d-wave) pairing
ﬂuctuations by diﬀerent authors. This ambiguity about the underlying physical mechanism at work can be
overcome by considering two-particle correlation functions as they are able to describe the collective modes of
the system and can be also related to certain ground state properties. In this work, we will present diﬀerent
theoretical approaches for analyzing the spectrum of correlated systems by exploiting the information contained
in these two-particle correlation functions. For the speciﬁc case of the pseudogap these procedures have allowed
us (1) to identify antiferromagnetic spin ﬂuctuations as microscopic origin of this spectral feature which (2) can
be related to the formation of a resonating valence bond ground state in the system.

1. Introduction
Spectroscopic techniques are nowadays counted among the major
experimental tools for the analysis of the electronic structure of solids.
The common idea of these methods is to excite one or more electrons in
a material which eventually leave the solid. Their energies and momenta provide important insights into the electronic structure of the
system. Some of the most prominent representatives of this type of
experimental techniques are the photoemission spectroscopy [1] (PES),
its momentum-resolved counterpart [2] (angular resolved photoemission spectroscopy, ARPES) or scanning tunneling microscopy [3]
(STM). They allow for an accurate determination of the one-particle
electronic excitations and the Fermi surface of the material. For a
correlated electron system, they also provide highly relevant information about the correlation eﬀects between the particles.
On the theoretical side, results from PES, ARPES or STM experiments can be compared to the spectral function A(ω, k) which is obtained from the one-particle Green's function of the system. This quantity
is determined by the crystallographic structure of the solid (which deﬁnes the band structure and the noninteracting density of states) and
the correlation eﬀects which are encoded in the so-called self-energy.
The latter is responsible for strong coupling phenomena, such as the

celebrated Mott–Hubbard metal-to-insulator transition (MIT) [4].
For a correlated system, the knowledge of the self-energy is unfortunately not suﬃcient for a comprehensive understanding of the
physical processes which are responsible for certain features in the
spectrum. A typical example is the momentum selective suppression of
spectral weight – the so-called pseudogap – in the cuprates [5] or the
nickelates [6] (for an example see Fig. 1). Despite the considerable
eﬀorts which have been undertaken both on the experimental as well as
on the theoretical side in order to unravel the origin of this spectral
feature, no consensus on this issue has been achieved so far. In fact, the
pseudogap has been attributed by diﬀerent groups to spin ﬂuctuation
[7–11], preformed pairs [12–16], Mottness [17,18], charge ﬂuctuations
[19–22] or Fermi-liquid scenarios [23].
In this paper, we review a number of theoretical methods [24–26],
which allow us to identify the physical processes which are responsible
for certain features in the self-energy. They are all based on the insight,
that correlation eﬀects in a many-electron system typically originate
from the two-particle Coulomb repulsion between the electrons. Hence,
the self-energy, which describes the correlation eﬀects for a single
particle which propagates through the material, must be determined by
the sum of all its two-particle scattering events which are represented
by the full two-particle scattering amplitude of the system. Formally,
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Fig. 1. Spectral function A(ω, k) of La2−xSrxCuO4 obtained from ARPES by
Yoshida et al. [27] for ω = EF as a function of kx and ky at a temperature
T = 20K and a hole doping of x = 0.07. The black lines indicate the Fermi
surface. A large spectral weight (red) is found around the nodal point k = (π/2,
π/2) while a strong suppression is observed at the antinodal point k = (0, π),
which corresponds to a small and large value of Σ(k), respectively. The ﬁgure
has been readapted from Ref. [27].
Fig. 2. Illustration of one-particle (G or Σ, upper panel) and two-particle (G(2)
or F, lower panel) scattering amplitudes. The magnifying glass indicates that
more insights into the eﬀective one-particle scattering amplitude Σ(k) can be
kk′q
obtained by analyzing the two-particle scattering events Fσσ
′ from which the
former originates.

such a relation is provided by the Dyson–Schwinger equation of motion
(EOM) which we exploit to analyses how various two-particle processes
contribute to the self-energy.
The paper is organized as follows: In Section 2 we introduce the
formalism and deﬁne the relevant one- and two-particle correlation
(vertex) functions which are required for our analysis and discuss their
interconnection through the EOM. In Section 3, we present the general
idea, how the EOM can be exploited to extract relevant information
about the self-energy and discuss three theoretical approaches which
are based on this conception. For each approach, we demonstrate its
applicability by applying it to the above mentioned problem of the
pseudogap in correlated electron systems. Finally, in Section 4 we
conclude and discuss future experimental and theoretical perspectives
for the application of the two-particle vertex functions.

at ﬁnite temperature we adopt the Matsubara formalism, i.e., τ refers to
an imaginary time and iν = i(2n + 1)π/β (n ∈ ℤ) to a (fermionic)
imaginary frequency. Moreover, we consider only the SU(2) symmetric
case where the one-particle Green's function is spin-independent, i.e.,
G↑↑(ν, k) = G↓↓(ν, k) ≡ G(ν, k) and G↑↓(ν, k) = G↓↑(ν, k) ≡ 0.
From a physical perspective, G(τ, k) describes the amplitude for an
excitation (“creation”) of a hole or an electron [cf. operators ckσ and ck†σ
in Eq. (1)] which propagates through the system for a (imaginary) time
period τ until it is annihilated. During this propagation, which is described by the evolution operator e−τ  , it scatters at other electrons in
the system and, hence, G(τ, k) represents a measure of these scattering
events (for a schematic illustration see upper panel of Fig. 2). After a
Fourier transform to (imaginary) frequencies, these scattering event are
even experimentally accessible. In fact, the imaginary part of G(ω, k)
(obtained by an analytic continuation from imaginary frequencies ν to
real frequencies ω) is related to the so-called spectral function A(ω,
k) = − ImG(ω, k)/π which can be measured,1 e.g., by angular resolved
photoemission spectroscopy (ARPES) experiments [2,39].
From a theoretical point of view, it is convenient to separate the
scattering processes Σ of the excited particle (electron/hole) from its
free propagation through the solid which we denote by G0. The total
amplitude G is then given by repeated alternating sequences of free
propagation and scattering events which can be formally written as
G = G0+ G0ΣG0 + G0ΣG0ΣG0 + ⋯. This has the form of a geometric
series which can be summed, yielding the so-called Dyson equation

2. One- and two-particle scattering processes
In this section, we present the fundamental concepts for the theoretical description of one- and two-particle scattering processes in
many-electron systems. In particular, we will focus on the highly interesting situation where strong correlations between the particles
prevail which makes independent electron descriptions, such as density
functional theory(DFT) [28], inapplicable. We will, instead, exploit
techniques based on many-body Green's functions which provide a unifying framework for the theoretical understanding of correlated electron systems. Even more important, these quantities are easily related
to spectral functions which can be directly compared to corresponding
experimental results from (one- or two-particle) spectroscopic measurements. In order to better highlight the physical aspect of these
theoretical tools, we will reduce the formalities to a minimum. For a
more complete discussion, we refer the reader to Ref. [29].

G (ν , k) =

2.1. One-particle Green's function and the self-energy

1
,
G0−1 (ν , k) − Σ(ν , k)

(2)

where for a single-band system G0−1 (ν , k) = iν − εk and εk is the dispersion relation of non-interacting electrons. The latter can be determined from the crystal structure of the lattice by means of DFT

The one-particle Green's function is deﬁned as [30–32]
β

G (ν , k) = ∫0 dτ e−iντ G (τ , k)
β

1

= ∫0 dτ e−iντ Z Tr[e−β  ck†σ (τ ) c kσ ],

1
Here, we consider the sudden approximation for the theoretical description
of photoemission process where so-called extrinsic losses due to scattering of
the electron after its excitation on its way to the surface are neglected. This is
justiﬁed for high enough energies of the incident photon and considers the
“intrinsic” losses due to correlation eﬀects which is assumed to be the most
interesting part of the photoemission process for correlated systems. For a more
comprehensive discussion of this question see Refs. [33–38,1].

(1)

where  denotes the Hamiltonian of the system and the operators ck†σ
(ckσ) create (annihilate) a particle with (lattice) momentum k and spin
σ. Z = Tr[e−β  ] (partition function) is a normalization factor and
β = 1/T the inverse of the temperature. The time evolution of the operator ck†σ is given by ck†σ (τ ) = e τ  ck†σ e−τ  . Note that, for convenience,
2
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calculations. All one-particle correlation eﬀects on the other hand are
described by the self-energy Σ(ν, k) which, hence, represents one of the
central quantities in the theory of correlated many-electron systems.

kk′q
Fσσ
′ = −

Similar to the one-particle Green's function in Eq. (1), one can deﬁne the two-particle Green's function as [29]:
β
(2)
−iντ 1 e i (ν + Ω) τ2 e−i (ν′+ Ω) τ3
Gσσ
′ (k , k ′, q) = ∫0 dτ1 dτ2 dτ3 e
1
Z

Tr[ck†σ (τ1) c(k + q) σ (τ2) c(†k′+ q) σ ′ (τ3) c k′σ ]

(3)

where ν and ν′ are fermionic and Ω bosonic Matsubara frequencies,
respectively [for the other deﬁnitions see Eq. (1)]. Here and in the
following, we use the shorthand notation k =
ˆ (ν , k) and q =
ˆ (Ω, q) of
combined frequency/momentum variables (four-vector) whenever it is
(2)
convenient. Analogously to G(k) in Eq. (1), Gσσ
′ (k , k ′, q) describes the
excitation of two particles/holes (or one particle and one whole) and
their propagation through the system. From a more practical perspec(2)
tive, Gσσ
′ (k , k ′, q) contains a wealth of experimentally accessible information. For instance, by summing/integrating this quantity over k
and k′ one obtains physical response functions (susceptibilities) χr(Ω, q):

kk′

χsp (iΩ, q) =

∑ G↑↑(2) (k, k′, q) − G↑↓(2) (k, k′, q),
kk′

χpp (iΩ, q) =

∑ G↑↓(2) (k, k′, q − k − k′),
kk′

1

,

(5)

2.3. Relating one- and two-particle scattering amplitudes: the equation of
motion (EOM)
In the two previous sections, we have discussed the one- and the
kk′q
two-particle scattering amplitudes Σ(k) and Fσσ
′ , respectively, which
describe correlation eﬀects in a many electron system. On a microscopic
level, such correlations are typically generated by a two-body Coulomb
interaction between the particles. Consequently, the one-particle scattering amplitude Σ(k) must correspond to the sum of all two-particle
scattering events which an electron experiences when it propagates
through the system (see Fig. 2). This implies that there must be a
kk′q
connection between Σ(k) and Fσσ
′ . Such a relation, which can be obtained from a time derivative of G(τ, k), is provided by the EOM. For the
case of a purely local interaction U between ↑- and ↓-electrons (Hubbard model) [4] it takes the form

n2

∑ G↑↑(2) (k, k′, q) + G↑↓(2) (k, k′, q) − β 4 δq0,

χch (iΩ, q) =

G (k ) G (k + q) G (k′ + q) G (k′)

where in the numerator the above discussed noninteracting part of G(2)
is subtracted and the one-particle Green's function in the denominator
remove the independent propagation of the particles before and after
kk′q
the scattering process. Physically, Fσσ
′ corresponds to the full scattering amplitude between two particles or holes [30] within our manyelectron system (for a graphical illustration see lower panel of Fig. 2).
From a diﬀerent perspective, this can be also interpreted as scattering of
a single particle at a collective mode (e.g., charge, spin or superkk′q
conductivity) which will be discussed in Section 3.1. Moreover, Fσσ
′
can be decomposed into diﬀerent scattering channels which will be
considered in Section 3.2.

2.2. Two-particle Green's function and the vertex

×

(2)
Gσσ
′ (k , k′, q) − G (k ) G (k′) δq0 + G (k ) G (k + q) δkk′ δσσ ′

(4a)

(4b)

(4c)

Σ(k ) =

1

where ∑k =
ˆ β ∑ν V ∫BZ ddk denotes the (Matsubara) frequency sumBZ
mation and momentum integration over the d-dimensional Brilluoin
with the volume VBZ. The labels r = ch(arge), sp(in) and pp (particle–particle) refer to the response of the system to a change in the
chemical potential, an external magnetic ﬁeld and a pairing ﬁeld, re(2)
(2)
(2)
(k , k ′, q) = G↑↑
(k , k ′, q) + G↑↓
(k , k ′, q) in
spectively.2 Multiplying Gch
Eq. (4a) with the electromagnetic current operators [41] vi(k) = dεk/
dki and vj(k′) before the summation over k and k′ yields the linear response of the system to an external electromagnetic ﬁeld, i.e., the optical conductivity σij(ω) (for iΩ → ω + iδ and the limit of long wave
lengths q = 0). Let us point out that all these physical response functions are in some sense “reduced” two-particle correlation functions as
two of the three frequencies (as well as the corresponding momenta)
which appear in the deﬁnition of G(2) in Eq. (3) are summed (integrated) over. The question, whether two-particle coincidence spectroscopy will allow for a more complete comparison with G(2) is touched in Section 4.
Let us now analyze the structure of the two-particle Green's function
(2)
in Eq. (3). For noninteracting electrons, Gσσ
′ (k , k ′q) corresponds to the
independent propagation of two particles/holes (or one particle and
one hole) which is represented by products of one-particle Green's
(2)
functions, i.e., Gσσ
′ (k , k ′q) = G (k ) G (k ′) δq0 − G (k ) G (k + q) δkk′ δσσ ′. In
the presence of interactions between the particles, an additional term
arises which describes the correlations between the two excited electrons or holes. Similarly as in the one-particle situation, it is advantageous to separate this correlated part from the full two-particle corre(2)
lation function Gσσ
′ (k , k ′q) . Formally, this is achieved by the deﬁnition
kk′q
of the so-called vertex function Fσσ
′ which is deﬁned as

Un
U
− 2
2
β

∑ F↑↓kk′q G (k′) G (k′ + q) G (k + q),
k ′q

(6)

where n denotes the average number of particles per lattice site and
G(k) is the fully renormalized one-particle Green's function given in Eq.
(2). The interpretation of this equation, which is illustrated graphically
in Fig. 3 in terms of Feynman diagrams, is straightforward: As anticipated, the total one-particle scattering amplitude Σ(k) is the average
kk′q
over all two-particle scattering events Fσσ
′ . This insight will guide our
way to develop various approaches for analyzing the self-energy Σ(k) in
kk′q
terms of the two-particle vertex Fσσ
′ which will be discussed in Section
3.
It should be mentioned that there is another constraint which connects one- and two-particle correlations functions. This follows from the
symmetries and the related conservation laws of the system and can be
δ Σ[G]
expressed in its diﬀerential form as the Ward identity δG = Firr where
Firr is the so-called irreducible part of the full vertex [42,43] F (for more
details see, e.g., Ref. [29]). In an exact treatment, both the Ward
identity and the EOM (6) are fulﬁlled. For approximate theories,
however, often at least one of these relations is violated.3 Hence, when
choosing a certain approximation for the calculation of Σ and F one has
to decide which of the two connections between Σ and F(irr) is more
important for the intended application. The methods which will be
discussed in the following are all based on the EOM (6) and consequently it is necessary that the selected approach for calculating Σ and F
respects this relation. On the other hand, one has to keep in mind that
this can in general lead to violations of Ward identities and the related
conservation laws.

2
For iΩ ≡ 0 one obtains the isothermal response, i.e., the system remains
connected to a thermal bath after the external perturbation. The analytic continuation iΩ → ω + iδ, on the other hand, gives rise to the so-called Kubo-response where the system is isolated after the external perturbation [40].

3
For approximations based on Feynman diagrammatic expansions of Σ and
F(irr) it can be even shown [44–46] that Ward identities and the EOM cannot be
fulﬁlled simultaneously unless all diagrams are taken into account (corresponding to the exact solution of the problem).

3
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multi-orbital extensions (e.g., a three-orbital Emery model) is required
[47] for an adequate theoretical treatment.
kk′q
In order to calculate Σ(k) and Fσσ
′ for the Hubbard model in Eq. (7),
we will adopt the dynamical cluster approximation [48] (DCA) with Nc
nonequivalent k-points in the Brillouin zone. This approach approximates the lattice of interacting sites by a small cluster in momentum
space which is self-consistently embedded into a dynamic bath. In this
way, all local and nonlocal correlation eﬀects within the cluster size are
captured exactly while long-range correlations are treated on a meanﬁeld level. For the case of Nc = 1, DCA becomes equivalent to the dynamical mean-ﬁeld theory [49] (DMFT) which has been successfully
exploited to describe physical properties of realistic correlated matekk′q
rials [50,51]. DCA allows to compute Σ(k) and Fσσ
′ in an unbiased way
without any a priori assumptions about the physics of the system and is,
hence, suited as basis for the diagnostic methods which will be outlined
in the following sections.

Fig. 3. Feynman diagrammatic representation of the EOM. Solid black lines
denote full (interacting) one-particle Green's functions G(k) [Eq. (2)] and red
dots correspond to the bare Hubbard interaction U. The four vector notation
k=
ˆ (Ω, q) has been adopted. The ﬁrst term on the right hand
ˆ (ν, k) and q =
side corresponds to the Hartree contribution Un .
2

3. Dissecting the spectral function – the pseudogap in the cuprates
In this section, we want to clarify the origin of the pseudogap in the
cuprates (see Fig. 1) by exploiting Eq. (6). Our general strategy to
achieve this is the following: (i) In the ﬁrst step, we construct a model
Hamiltonian which captures the relevant physics which we want to
describe, i.e., whose Σ(k) contains (at least qualitatively) the spectral
features which are experimentally observed. (ii) Secondly, we choose a
method to calculate the one- and two-particle Green's functions of our
kk′q
system. In this connection, it is very important that Σ(k) and Fσσ
′ are
computed on equal footing and that the vertex is obtained in an unbiased way.4 (iii) In the ﬁnal step, we examine which contributions of
kk′q
Fσσ
′ in Eq. (6) are responsible for certain features in Σ(k). In practice,
this can be achieved in diﬀerent ways, three of which we will discuss in
this paper. In Section 3.1 we analyze for which values of q the conkk′q
tribution of Fσσ
′ is largest [24] (“Fluctuation Diagnostics”). In Section
kk′q
3.2, we exploit a diagrammatic decomposition of the vertex Fσσ
′ into
various scattering channels and investigate their diﬀerent contributions
to Σ(k) [25]. Finally, in Section 3.3 we identify the many-particle state
kk′q
(s) which yield the most relevant contributions to Fσσ
′ and are, hence,
responsible for the emergence of speciﬁc features in the self-energy
[26] (such as the pseudogap).
Let us note that the above described procedures can be used for two
diﬀerent purposes. Apart from identifying the relevant two-particle
processes which are responsible for the physics of the system, they can
also determine the quality of the theoretical model which is used for the
description of experimental ﬁndings. In fact, if our analysis disagrees
with other experimental results for two-particle correlation functions
[e.g., the susceptibilities in Eq. (4)], we can conclude that our modelization needs to be improved.
kk′q
Let us also stress, that the analysis of Σ(k) in terms of Fσσ
′ is obviously not restricted to the case of the pseudogap in the cuprates which
is considered here, but is applicable more generally for the analysis of
spectra of correlated systems whenever experimental and/or theoretical
techniques allow for an accurate and unbiased determination of the
two-particle scattering amplitude.
Model and method. The minimal model for the description of the
pseudogap physics in the cuprates is the single-band Hubbard model on
a two-dimensional (2d) square lattice

 = −t

∑
〈ij〉, σ

ciσ† cjσ − t ′

∑
〈〈ij〉〉, σ

3.1. Choosing the best perspective – “Fluctuation Diagnostics”
Eq. (6) allows us to calculate the self-energy through summing/inkk′q
tegrating the vertex F↑↓
(multiplied by three Green's function) over the
frequencies/momenta k′ = (ν′, k′) and q = (Ω, q), respectively. It is
then very natural to ask which contributions of this sums/integrals are
the most relevant ones for the emergence of speciﬁc features in Σ(k).
This question is at the heart of the so-called “Fluctuation Diagnostics”
approach which has been put forward in Ref. [24]. Its basic idea is to
perform partial summations in Eq. (6) which allows us to “dissect” the
total self-energy into contributions originating from diﬀerent frequencies and/or momenta. More speciﬁcally, for the “Fluctuation Diagnostics” one carries out the summation/integration over the fermionic frequency/momentum k′ = (ν′, k′) and analyses the
contributions to Σ(k) which originate from diﬀerent values of q = (Ω,
k). In practice, this is achieved by considering the two functions

Σ̃q (k ) = −

Σ̃Ω (k ) = −

∑ F↑↓kk′q G (k′) G (k′ + q) G (k + q),

U
β2

∑ F↑↓kk′q G (k′) G (k′ + q) G (k + q),

(8a)

k ′Ω

(8b)

k ′q

which correspond to the EOM (6) apart from leaving out the integration/summation over q and Ω, respectively. The full self-energy Σ(k)
can be obviously reproduced by integrating/summing these functions
over q or Ω

Σ(k ) −

Un
=
2

∑ Σ̃q (k ) = ∑ Σ̃Ω (k ).
q

(9)

Ω

Unfortunately, a straightforward interpretation of the dissection of the
self-energy in the form of Eq. (8a) or (8b) is not yet possible since the ↑↓
vertex which enters these relations cannot be directly associated to
physical (charge, spin or particle–particle) ﬂuctuations. To overcome
this problem, we exploit the possibility to express the EOM in diﬀerent
kk′q
representations. In fact, in the SU(2) symmetric case F↑↓
can be re-

ciσ† cjσ + U ∑ ni ↑ ni ↓,
i

U
β2

kk′q
kk′q
kk′q
= F↑↑
+ F↑↓
),
placed in Eq. (6) by the corresponding charge (Fch

(7)

(negative)
kk′q
(Fpp

spin

kk′q
kk′q
kk′q
= −F↑↑
+ F↑↓
(− Fsp
),

or

particle–particle5

kk′(q − k − k ′)
F↑↓
)

=
vertex. If all summations/integrations over k′ and q
are performed in Eq. (6) we obtain the same result for Σ(k) independent
of the representation of the vertex. On the contrary, the partially
summed quantities Σ̃q (k ) and Σ̃Ω (k ) will strongly depend on the choice
of the representation which provides crucial information about the
impact of certain ﬂuctuations on the self-energy. If, for a given representation (channel) r = ch, sp or pp, Σ̃q (k ) is strongly peaked at a

where t and t′ denote the hopping amplitudes for the electrons between
nearest and next-nearest neighbors i and j, respectively, niσ = ciσ† ciσ , and
U is the potential energy for two electrons occupying the same site. Let
us remark that, although this model has been often assumed to describe
the essential physics of the cuprates, it has been recently argued that a
kk′q
If Fσσ
′ is obtained within an approximation which favors certain types of
two-particle scattering events or speciﬁc collective modes, the diagnostics of
the self-energy via Eq. (6) will obviously come to the conclusion that these a
priori introduced physical processes are responsible for the features observed in
Σ(k).
4

5
For this replacement, also the arguments of the Green's functions inside the
sum/integral on the right hand side of Eq. (6) have to be modiﬁed according to
q → q − k − k′.

4
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the antinodal point k = (π/2, π/2) exhibits a metallic behavior for the
self-energy which is reﬂected by a peak in the spectral function at
ω = 0. The lower panels depict the functions Σ̃q (k ) at the lowest Matsubara frequency (ν = π/β) and the two selected k-points for the eight q
vectors in the DCA cluster in all three channels r = ch, sp and pp. In the
charge- and the particle–particle representation one observes a uniform
q distribution for both k-values which prevents an interpretation of the
pseudogap phenomenon in terms of charge or s-wave pairing ﬂuctuations. On the contrary, the corresponding results for the spin-channel
are strongly peaked at q = (π, π). According to the discussion above,
this indicates that long-range antiferromagnetic spin ﬂuctuations are
responsible for the large value of Σ(k) at the lowest Matsubara frequency. Moreover, also the strong momentum diﬀerentiation between
k = (0, π) and k = (π/2, π/2) follows from the diﬀerent sizes of
Σ̃q = (π , π ) (k ) for the antinodal and nodal k point, respectively. Hence, we
conclude that long range antiferromagnetic spin ﬂuctuations are responsible for the pseudogap behavior of Σ(k) in the Hubbard model. A
corresponding analysis of Σ̃Ω (k ) indeed conﬁrms [24] that this ﬂuctuations are long-living and, therefore, represent a well deﬁned mode.

speciﬁc transferred momentum q = q0 and small for all other momenta,
Σ(k) is mainly determined by strong long-range ﬂuctuations in this
channel. The vector q0 deﬁnes the spatial structure of this collective
mode via the Fourier factor eiq0Ri (where Ri is a lattice vector). For instance, in the spin representation a strong peak of Σ̃q (k ) at q0 = (π, π)
signals that Σ(k) is mainly governed by antiferromagnetic spin ﬂuctuations while q0 = (0, 0) indicates the dominance of a ferromagnetic
mode. In the charge picture, an enhanced Σ̃q (k ) for q0 = (π, π) marks
the dominant role of charge density wave (CDW) ﬂuctuations while a
peak at q0 = (0, 0) in the particle–particle representation reveals the
importance of long-range s-wave pairing ﬂuctuations. On the other
hand, if for a given channel Σ̃q (k ) is almost independent of q the corresponding ﬂuctuations are short ranged and, hence, do not represent a
collective bosonic mode of the electrons in the system. An analogous
analysis can be performed for Σ̃Ω (k ) where a strong peak at Ω = 0 indicates stable long-lived ﬂuctuations in the corresponding channel while
a (almost) Ω-independent behavior signals that ﬂuctuations in this
channel are relevant only on very short time scales. In this respect, it
would be very interesting to conduct this type of analysis also in the
(real) time domain. This, however, would require an analytic conkk′q
tinuation of the vertex F↑↓
from imaginary (ν, ν′ and Ω) to real (ω1, ω2
and ω3) frequencies and a subsequent Fourier transform to real times
(t1, t2 and t3). At present, such an analytical continuation for vertex
functions is not available which prevents a direct application of our
method in the real frequency/time domain.
Let us stress, that each system can be of course described in each of
the channels r = ch, sp and pp. However, the most suitable representation is the one for which Σ̃q (k ) and Σ̃Ω (k ) exhibit a strongly
peaked behavior in q and Ω, respectively, as this is a clear hallmark of
the dominant role of long-living and long-ranged ﬂuctuations in this
channel (i.e., a collective bosonic mode) which is then responsible for
the features in Σ(k). This situation can be compared to the dynamics of
the planets in our solar system: In principle, all coordinate systems are
equivalent for the description of this problem, but as we know, the
heliocentric reference system is deﬁnitely more suitable for the physical
understanding than its geocentric counterpart.
Results for the Hubbard model. We have applied the “Fluctuation
Diagnostics” method to the Hubbard Hamiltonian [Eq. (6)] for a set of
parameters which are relevant for the pseudogap regime of the cuprates
(for the exact values see the caption of Fig. 4). Our model reproduces
well the experimentally observed pseudogap feature as one can see
from the insets in Fig. 4: For the nodal point k = (0, π) (left) one observes a large value of Σ(k) at the lowest Matsubara frequency ν = π/β
which corresponds to a suppression of spectral weight in A(ω, k) while

3.2. Disassembling the vertex – parquet decomposition of the self-energy
A dissection of the self-energy via Eq. (6) can be also achieved by
disentangling the diﬀerent two-particle scattering processes which
kk′q
kk′q
contribute to the full vertex F↑↓
. The representation of F↑↓
in terms of
Feynman diagrams provides a natural framework for this objective.
Each Feynman diagram describes a speciﬁc two-particle scattering
process and the full vertex corresponds to the sum of all such diagrams.
One can then divide this set of all diagrams into diﬀerent groups according to the physical mechanisms which they describe. Such a decomposition is provided by the parquet formalism [52,45,29] which
kk′q
allows us to split the full two-particle scattering amplitude F↑↓
into
four distinct classes which are deﬁned by the topological structure of
the Feynman diagrams which they contain, i.e., by the diﬀerent ways in
which a diagram can be decomposed into two-parts by cutting two
internal propagators (see dashed lines in Fig. 5). For a more rigorous
derivation of this concept we refer the reader to the literature
[45,29,53]. Here, instead we want to avoid most of the technical details
and give a more physical explanation of the four diﬀerent parts into
kk′q
which Fσσ
′ can be separated as it is depicted in Fig. 5. The ﬁrst contribution is the fully irreducible vertex Λ which contains the “direct”
interaction between the two electrons and consists of diagrams which
cannot be split by cutting two internal lines (in its lowest order it is
given by the bare U). The three other classes Φr contain reducible
diagrams in one of the three channels r = ch, sp or pp which can be
separated into two parts by cutting two internal lines. These are also
called ladder diagrams which describe a repeated scattering of the
particles in the given channel and, hence, account for the eﬀect collective ﬂuctuations. In fact, these functions will get very large in regions
where the corresponding ﬂuctuations increase which is indicated by a
simultaneous increase of the physical susceptibilities in Eq. (4).
kk′q
We can now insert the decomposition of F↑↓
as given in the ﬁrst
line of Fig. 5 into the EOM (6) which naturally leads to a corresponding
separation of Σ(k) into four parts:

Σ(k ) = Σ̃Λ (k ) + Σ̃ pp (k ) + Σ̃ch (k ) + Σ̃sp (k ),
where the single contributions are obtained by replacing

(10)
kk′q
F↑↓

in Eq. (6)

kk′q
by Λ↑↓
and Φrkk, ↑↓′q , respectively.
Results for the Hubbard model. We have applied the decomposition in
Eq. (10) to the DCA solution of the 2d Hubbard model for the same
parameters as in Section 3.1 (see caption of Fig. 4) with the only minor
diﬀerence that we have considered t′ = 0 which does not qualitatively
change the properties of the system [see Σ(k) (black curves) in Fig. 6].
The results of the decomposition are shown in the insets of the upper
and the lower panel of Fig. 6 for the antinodal and the nodal point on
the Fermi surface. Unfortunately, the various contributions show a

Fig. 4. “Fluctuation Diagnostics” of the DCA self-energy Σ(k) for Nc = 8,
t = −0.25 eV, t′ = 0.0375 eV, U = 1.75 eV, n = 0.94 and β = 60 eV−1. The
insets show the frequency dependence of the self-energy Σ(k) for the two
(cluster) momenta k = (0, π) and k = (π/2, π/2) on the Fermi surface, respectively. The main panel depicts the contribution to Σ(k) for the ﬁrst
Matsubara frequency ν = π/β from the diﬀerent transferred momenta q in the
three representations of the vertex (spin, charge, particle–particle). The ﬁgure
has been readapted from Ref. [24].
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Fig. 5. Diagrammatic representation of the parquet decomposition (let us stress that the label “parquet decomposition” refers here only to a separation of diagrams
kk′q
into the diﬀerent scattering channels rather than to a self-consistent solution [54–56] of the parquet equations) of the full two-particle scattering amplitude F↑↓
.
Solid lines denote fully renormalized Green's functions G(ν, k) form Eq. (2) [corresponding to a so-called skeleton diagrammatic expansion [29]] and red dots
represent the bare Hubbard interaction U. The brackets (“[]”) in the argument of the rightmost contribution indicate that the frequency arguments of this vertex are
k, k + q and k′ − k rather than k, k′ and q which, however, is not relevant when the vertex is used in the EOM.

reported in the main panels of Fig. 6. One can clearly see that the large
values of the self-energy (black) originate from the spin contribution
Σ̃sp (k ) (red) which describes scattering processes in the spin channel.
Σ̃sp (k ) is also responsible for the large momentum diﬀerentiation between k = (0, π) (upper panel) and k = (π/2, π/2) (lower panel) which
conﬁrms the results from the “Fluctuation Diagnostics” in Section 3.1.
Notably, Σ̃sp (k ) even overestimates the self-energy. This is compensated
by the contributions of the other scattering channels (brown) which,
hence, provide a screening of the dominant spin ﬂuctuations.
3.3. Spectral functions and ground states
The methods presented in Sections 3.1 and 3.2 allow us to identify
the type of collective bosonic ﬂuctuations which generate certain features in the electronic self-energy and the spectral function of a system.
However, they do not provide any insights about the underlying
quantum mechanical many-body ground state which is responsible for
this type of physics. Such information can be also extracted from Eq. (6)
through a slight modiﬁcation of the ideas which have been introduced
in the “Fluctuation Diagnostics” method. By multiplying Eq. (6) with
G(k) and performing the summations/integrations over q and ν′ we
obtain a function B k′ (k ) which describes the contributions to Σ(k) originating from diﬀerent fermionic momenta k′. Considering Eqs. (3) and
(5) for very low temperatures and very large interactions (i.e., ν = π/
β ⋘ U) we can express B k′ (k ) approximately as

B k′ (k ) = − 2〈n k′ 〉 − 4 ∑R1R2 ei (k − k′)(R1− R2)
Fig. 6. Parquet decomposition of the DCA self-energy of the 2d Hubbard model
for the same parameters as in Fig. 4 with the only diﬀerence that here t′ = 0.
The ﬁgure has been readapted from Ref.[25].

× 〈E0 (N )|cR† 2 ↓ c R2 ↑ cR†1 ↑ c R1 ↓ |E0 (N ) 〉,

(11)

where Ri are lattice vectors and |E0(N)〉 denotes the ground state of the
system with N particles and a ground state energy E0(N) (for a detailed
description of all approximations which have been exploited to derive
Eq. (11) we refer the reader to Ref. [26]). Summing B k′ (k ) over k′ yields
Σ(k)G(k). For the situation of the Hubbard model which has been discussed in the two previous sections we obtain [26] that B k′ (k ) yields a
large (negative) contribution for k′ = k + (π, π). Considering the SU(2)
symmetry, this corresponds exactly to the strong peak in Σ̃q (k ) in the
spin representation for the transferred momentum q = (π, π) and,
hence, indicates the dominant role of antiferromagnetic ﬂuctuations for
the emergence of the pseudogap. It can be then shown that a large value
of B k′ (k ) for k′ = k + (π, π) is obtained for a ground state |E0(N)〉
which is built from spin-singlets of the form

highly ﬂuctuating behavior with maxima and minima essentially larger
than the self-energy itself which prevents a straightforward physical
interpretation.6 One can trace this unexpected result back to the
emergence of low-energy singularities in Λ and Φr which are observed
already in the intermediate coupling regime, even before the onset of
the Mott metal-to-insulator transition [57–59,25,60,61,26,62,63]. This
restricts the applicability of the parquet decomposition for the self-energy to the weak-coupling regime where it indeed yields reasonable
results [25].
By a closer inspection of the insets of Fig. 6 one observes that one
contribution is not aﬀected by ﬂuctuations, i.e., Σ̃sp (k ) . This suggests a
separation of the total self-energy into its spin-part and a “rest” function
which corresponds to the sum of all other contributions (Λ, Φch and
Φpp,↑↓, violet diagrams in Fig. 5). The results of this analysis are

|(12) > =

1
(cR†1 ↑ cR†1 ↓ − cR†1 ↓ cR†1 ↑).
2

(12)

This state represents valence bonds between neighboring lattice sites R1
and R2 and the full resonating valence bond (RVB) ground state [64]
can be constructed as a superposition of all possible valence bond states
between all sites of the lattice.
We can now sum up our analysis of the pseudogap physics as

6
Note that we have carefully checked that the sum of all these strongly
ﬂuctuating contributions indeed reproduces the exact DCA self-energy of the
system.
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follows: A large value of Σ(k) originates from long ranged antiferromagnetic ﬂuctuations represented by a large value of B k′ (k ) for
k′ = k + (π, π). The latter, in turn, is mainly due to the formation of a
RVB ground state which allows to relate the pseudogap feature in the
self-energy to the emergence of a RVB state in the lattice.

which depend only on one frequency and/or momentum, such as the
optical conductivity or diﬀerent types of susceptibilities [see, e.g., Eq.
(4)].
Two-particle coincidence spectroscopy [65,66] might provide a
versatile tool to experimentally map out two-particle correlations in
correlated systems more comprehensively. The realization of such ideas
certainly requires an improved theoretical understanding of this experimental technique. In fact, while a theoretical interpretation of oneparticle spectroscopic experiments (e.g., ARPES) in terms of self-energies and spectral functions has become standard in the last decades
[34–36,39], no comparable level of understanding for the two-particle
coincidence spectroscopy has been achieved so far. For weakly interacting systems, the two-particle spectrum can be approximated to a
good accuracy by a convolution of two single-particle spectra. Such an
approach obviously breaks down in the presence of (strong) correlations where vertex corrections have to be considered. The paths which
have been followed hitherto to tackle this problem were based on the
Feshbach projection technique [67], nonequilibrium Green's functions
[67] and DMFT [68]. While these approaches have produced ﬁrst encouraging results for the description of two-particle coincidence spectra
they are mainly based on reduced two-particle correlation functions
which depend on only one rather than on three frequencies. Establishing a more direct relation between coincidence spectroscopy data
and theoretically calculable vertex functions represents therefore a
highly promising future research direction.

4. Summary and future perspectives: coincidence spectroscopy
and vertex functions
In this work, we have reviewed diﬀerent techniques for analyzing
the electronic self-energy of a correlated electron system. The described
kk′q
approaches exploit an exact relation between Σ(k) and the vertex F↑↓
which is coined EOM [Eq. (6)]. This equation expresses Σ(k) as an
kk′q
average over F↑↓
which allows for an identiﬁcation of the two-particle
scattering processes which are most relevant for speciﬁc features in the
self-energy. More speciﬁcally, we have presented three diﬀerent ways
how Eq. (6) can be used to “dissect” Σ(k) and have applied them to
resolve the origin of the pseudogap feature which emerges in the 2d
Hubbard model in parameter regimes which are relevant for the description of the high-temperature superconducting cuprates.
In the “Fluctuation Diagnostics” approach (Section 3.1), we have
performed partial summations in the EOM in diﬀerent representations
(charge, spin or particle–particle) in order to unravel the contributions
originating from diﬀerent transferred momenta q and transferred frequencies Ω. If for a given representation such a decomposition of Σ(k) is
strongly peaked at a given q = q0 and Ω = 0, respectively, the selfenergy is mainly determined by long-ranged and long-lived ﬂuctuations
in this channel whose spatial structure is determined by the vector q0.
On the contrary, for an “inappropriate” representation the separation of
Σ(k) into diﬀerent q and Ω contributions will be rather uniform which
prevents an interpretation in terms of well-deﬁned collective bosonic
mode. By means of the “Fluctuation Diagnostics”, we have identiﬁed
antiferromagnetic spin ﬂuctuations as driving force for the emergence
of the pseudogap feature in the 2d Hubbard model while charge and
particle–particle ﬂuctuations are only short-ranged and short-lived.
Instead of disentangling the frequency and momentum sums/integrations in Eq. (6), one can alternatively use the parquet formalism to
kk′q
disassemble the vertex F↑↓
into diﬀerent scattering channels, as proposed in Section 3.2. While a full decomposition breaks down at intermediate-to-strong coupling due to singularities in the irreducible
kk′q
into the dominant channel and a
parts of the vertex, a splitting of F↑↓
“rest” function containing all the other channels is always possible. For
the 2d Hubbard model this approach has conﬁrmed the picture of the
“Fluctuation Diagnostics” and identiﬁed spin ﬂuctuations as the major
mechanism for the suppression of spectral weight at the Fermi level
while the “rest” function represents as a screening for the dominant spin
channel which would otherwise overestimate the size of the pseudogap.
Finally, in Section 3.3 we have exploited a decomposition of Σ(k)
into the fermionic frequencies and momenta ν′ and k′, respectively, in
order to relate the appearance of a pseudogap, which is due to longrange antiferromagnetic ﬂuctuations, to the formation of a RVB ground
state in the system.7 This demonstrates the possibility to extract even
information about the importance of diﬀerent quantum mechanical
many-body states for the physics of the system from an analysis of the
EOM.
From a purely theoretical perspective, the above described approaches can be applied to a large variety of model systems for which
kk′q
an unbiased evaluation of the two-particle vertex function F↑↓
is
possible. In order to make these methods more directly applicable to
experimental results, techniques for measuring two-particle correlation
functions are highly desirable. However, most of the existing experiments determine only “reduced” two-particle correlation functions
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